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ABSTRACT
The logarithmic law of the wall loses part of its predictive power in flows with system rotation. Previous work on the topic of mean flow
scaling has mostly focused on flows with streamwise, spanwise, or wall-normal system rotation. The main objective of this work is to establish
the mean flow scaling for wall-bounded flows with small but arbitrarily directional system rotation. Our approach is as follows. First, we apply
dimensional analysis to the Reynolds-averaged momentum equation. We show that when a boundary-layer flow is subjected to small system
rotation, the constant stress layer survives, and the mean flow U+ is a universal function of y+, Ω+

x , Ω+
y , and Ω+

z , where U is the mean flow, y is
the distance from the wall, Ωi is the system rotation speed in the ith direction (in the locally defined coordinate), and the superscript + denotes
normalization by the local wall units. Second, we survey the three-dimensional parameter space of Ω+

x,y,z and determine U+(y+, Ω+
x , Ω+

y , Ω+
z )

for small Ω+. Here, we conduct direct numerical simulation (DNS) of a Reτ = 180 channel at various rotation conditions. This approach
is conventionally considered as “brutal force.” However, as we will show in this work, the Bayesian approach allows us to very efficiently
sample the parameter space. Four independent surveys are conducted with 146 DNSs, and the resulting Bayesian surrogate agrees well with
our DNSs. Finally, we upscale to high Reynolds numbers via wall-modeled large-eddy simulation. In general, the present framework provides
a path for surrogate modeling in a high-dimensional parameter space at high Reynolds numbers when sampling in a designated parameter
space is possible at only a few conditions and at a low Reynolds number.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0035552., s

I. INTRODUCTION

Determining the behavior of an objective function within a
designated parameter space is at the center of many engineering
problems, and when an analytical approach is not possible (or too
difficult), one often has to rely on “brutal force” parameter space sur-
veys. A well-known example is the survey of the Reynolds number,
a one-dimensional parameter space, for the mean flow scaling in a
periodic plane channel.1–6 In this work, we attempt to determine the
mean flow scaling for wall-bounded flows with small but arbitrarily
directional system rotation.

Flow with system rotation is encountered in, e.g., geophysics
and turbomachinery. An extensively studied model problem of flow
with system rotation is the rotating channel. Figure 1 is a sketch of
the flow. Here, x denotes the local streamwise direction, y denotes
the local wall-normal direction, and z denotes the local spanwise

direction. The flow in Fig. 1 is controlled by four non-dimensional
parameters, i.e., the Reynolds number, Reτ = huτ ,g/ν; the stream-
wise rotation, Roτ ,x ,g = 2Ωxh/uτ ,g ; the wall-normal rotation, Roτ ,y ,g
= 2Ωyh/uτ ,g ; and the spanwise rotation, Roτ ,z ,g = 2Ωzh/uτ ,g , where
Ω = (Ωx, Ωy, Ωz) is the system rotation vector, h is the half channel
height, uτ,g =

√
1/ρ dP/dx h is the friction velocity, and the sub-

script g denotes a globally defined quantity (as opposed to a quantity
defined for the flow near one of the two walls). U = (Ux, Uy, Uz) is
the mean velocity vector with Ux, Uy, Uz being the mean velocity
in the streamwise, wall-normal, and spanwise directions. Limiting
the system rotation in one of the three (global) Cartesian directions,
many have conducted numerical simulations and laboratory experi-
ments of streamwise, wall-normal, and spanwise rotating channels
at both high and low rotation numbers.7–16 For reasons that will
be clear in Sec. II, we consider small Ω if ∣Ω ×U(yt)∣ < u2

τ,g/h.
Here, U(yt) is the velocity at yt , and yt is the upper bound of the

Phys. Fluids 33, 015103 (2021); doi: 10.1063/5.0035552 33, 015103-1

Published under license by AIP Publishing

https://scitation.org/journal/phf
https://doi.org/10.1063/5.0035552
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0035552
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0035552&domain=pdf&date_stamp=2021-January-6
https://doi.org/10.1063/5.0035552
https://orcid.org/0000-0001-7971-9314
https://orcid.org/0000-0003-4940-5976
mailto:xzy48@psu.edu
https://doi.org/10.1063/5.0035552


Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 1. A sketch of a channel with system rotation. The mean flow is not necessar-
ily unidirectional nor symmetric with respect to the center plane. We define a local
coordinate where x is the local streamwise direction, y is the wall-normal direction
(pointing from the wall to the fluid), and z is the spanwise direction.

logarithmic layer in an otherwise non-rotating channel. For flows
at Reynolds number O(1000), the above requirement translates to
Roτ ≲ O(0.1). In the following, we briefly review previous discussion
about mean flow’s scaling in a channel with small system rotation.
We will limit the discussion to the wall layer. The studies by Johnston
et al.,17 Yang et al.,18 and a few others16 concern with mean flow’s
scaling in the outer region at high rotation speeds and therefore
fall out of the scope of this discussion. Flow with spanwise rota-
tion seems to have received the most attention. By making an anal-
ogy between streamline curvature and buoyancy, Bradshaw19 argued
that a good approximation of the mean flow is U = uτ/κ(log(y+)
+ Constant) + 2βΩy when subjected to small spanwise system rota-
tion. Here, κ is the von Karman constant. The “constant” β is about 2
on the pressure side and 4 on the suction side, leading to an unphys-
ical discontinuity at Ω = 0. In his paper, Bradshaw did not argue for
mean flow universality. Nakabayashi and Kitoh20 resorted to dimen-
sional analysis and concluded that the mean velocity at a distance y
is only a function of y+, Rc = Ων/u2

τ , and Reτ when subjected to
small spanwise system rotation. The authors argued that the loga-
rithmic law of the wall survives, but the von Karman “constant” and
the additive “constant” must depend on Reτ and Rc. Here, allowing
a Reτ dependence defeats universality. Nickels and Joubert21 com-
piled wind tunnel data and proposed U+ = L(y+) + f3(y+)Ω+

z , where
L(y+) represents mean flow’s scaling in a non-rotating channel and
f 3(y+) = 9.7(y+ − 35). This scaling is a first-order Taylor expansion
around Ωz = 0. The scaling of Nickels and Joubert supports mean
flow universality, but as we will show in Sec. III, keeping only the
leading order term in the Taylor expansion is inadequate. Discus-
sion of mean flow’s scaling in a streamwise rotating channel and
wall-normal rotation channel for small system rotation is difficult
to find in the literature. To the best of our knowledge, the discussion
does not go beyond the general arguments in Refs. 9 and 19.

There is little discussion about mean flow’s scaling in flow with
arbitrarily directional system rotation. In the absence of a good the-
ory, responses of the mean flow to system rotation could only be
obtained from a parameter space survey; see, e.g., Refs. 22–25 (for
a partial survey of the parameter space). A naive “brutal force”
approach is to sample the parameter space evenly. If one samples,
e.g., 10 points in one dimension, a three-dimensional parameter

FIG. 2. Schematic of GPR. The symbols represent data, constraining the Gaus-
sian process at the data locations. The thin lines are realizations of the Gaussian
process. 95% of these realizations lie within the shaded region. Their mean gives
the solid line, which is the estimate of the objective function. Parameters of the
Gaussian process, e.g., the co-variances, are estimated from the data and are
updated as more data become available. Further details of GPR could be found in
Ref. 30.

space will require 103 samples, which would be nearly impossible
if one were to use high-fidelity tools such as direct numerical simu-
lation (DNS). To establish the mean flow scaling for flow subjected
small but arbitrarily directional system rotation, we must resort to
more efficient sampling strategies. In the following, we review a
few candidates.26 Following convention, we refer to a survey strat-
egy as a “design.”26 Commonly used designs include the follow-
ing: first, space-filling designs,27 where one samples as sparsely as
possible; second, Latin hypercube sampling, where one generates a
near-random sample of parameter values to ensure that the target
range in each dimension is sufficiently represented by the sample;28

and third, entropy-based designs, where one maximizes the entropy
of the sampling points in the parameter space.29 These designs
are agnostic to the objective function and therefore are less effi-
cient than objective-function-aware methods. In this work, we resort
the objective-function-aware method of Gaussian process regression
(GPR) and Bayesian optimization.30,31 GPR approximates objective
functions as Gaussian processes. As a result, GPR does not only
give an estimate of the objective function but also an uncertainty
level of that estimate, as sketched in Fig. 2. The estimate of the
objective function and the uncertainty of that estimate can be subse-
quently utilized for efficient sampling. For example, by sampling at
the location with the largest uncertainty, one can quickly get a reli-
able estimate of the objective function. Other applications of GPR in
turbulence research could be found in Refs. 32 and 33 and are not
discussed here for brevity.

We briefly explain how we go about sampling the parame-
ter space. For the discussion here, let us suppose we want to find
out the behavior of U+ (the objective function) in the parameter
space of y+, Ω+

x , Ω+
y , and Ω+

z . Given an (initial) dataset, we will first
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build a Bayesian surrogate for the objective function. The Bayesian
surrogate gives an estimate of the objective function in the desig-
nated parameter space as well as an estimate of the uncertainty level.
The survey is based on an “acquisition function” whose maximum
defines the next sampling location. For this study, the sampling strat-
egy is a fully “explorative” one,31 and the “acquisition function” is
the “variance.” From one “generation” to the next, parameters (or
hyperparameters) of the underlying Gaussian process are updated
according to the maximum likelihood. (We will explain “acquisition
function,” “explorative,” “variance,” and “generation” in Sec. III.) In
order to save wall-clock time, instead of sampling at one location, we
sample up to four locations simultaneously in one generation. Paral-
lel sampling is, by itself, a research topic. In this work, we adopt the
penalizing method.34

The rest of this paper is organized as follows: A dimensional
analysis of the Reynolds-averaged momentum equation is presented
in Sec. II, and we show mean flow universality in flow with small
system rotation. The details and the results of the parameter space
survey are presented in Sec. III. In Sec. IV, we show how to upscale
from a low Reynolds number to a high Reynolds number. Finally, we
conclude in Sec. V.

II. DIMENSIONAL ANALYSIS
Flow physics plays an important role in turbulence modeling

even when taking a data-based approach. In order to safely gener-
alize conclusions from one set of data to another, one must resort
to physics or physical arguments. For example, DNS data of channel
flow at Reτ = 180 itself does not provide insight into flow’s behavior
at Reτ = 1000, but knowing that U+ is a universal function of y+ for
y≪ h,35 we can use data at Reτ = 180 to infer the behavior of U+ at
Reτ = 1000 at least for small y+ values, e.g., y+ < 36. Here, 36 cor-
responds to 0.2h for the Reτ = 180 channel, below which the flow
dynamics is not significantly affected by the outer length scale. In
this section, we discuss the relevant flow physics.

A. Mean flow universality
We consider flow subjected to small but arbitrarily directional

system rotation. Without loss of generality, let us consider a fully
developed rotating channel subjected to system rotation of Ω in
an arbitrary direction. (Here, “fully developed” means the veloc-
ity derivative with respect to x and z is 0.) The Reynolds-averaged
Navier–Stokes equations can be written as

∂⟨u′iv′⟩
∂y

= −1
ρ
∂⟨p⟩
∂xi

+ ν
d2Ui

dy2 − εijkΩjUk, (1)

where U2 = 0 because of the continuity equation, the mean convec-
tion in the wall-normal direction vanishes because U2 = 0, the mean
convection and the mean diffusion in the streamwise and spanwise
directions vanish because the channel is fully developed, the turbu-
lent transport in the streamwise and spanwise directions vanishes
for the same reason, and the unsteady term vanishes because of
Reynolds averaging. Integrating Eq. (1) from the wall to a distance y
leads to

− ⟨u′iv′⟩ + [−1
ρ
∂⟨p⟩
∂xi
]y + ν

dUi

dy
+ [−εijkΩj]∫

y

0
Ukdy = τw. (2)

In the absence of system rotation, Eq. (2) reduces to

− ⟨u′v′⟩ + [−1
ρ
∂⟨p⟩
∂x
]y + ν

dU
dy
= τw. (3)

For a y such that y/δ≪ 1 and 1≪ y+, i.e., for a y in the logarithmic
layer, one can neglect the O(y) term and the viscous term, and Eq. (3)
gives rise to a constant stress layer, i.e.,

− ⟨u′v′⟩ ≈ τw = u2
τ . (4)

In this constant stress layer, the outer length scale is not relevant,
and the mean flow U is a universal function of y, ν, and uτ . Since
we can get only one non-dimensional parameter from y, ν, and uτ ,
i.e., yuτ/ν, the PI theorem dictates that U = uτf (yuτ/ν) for y≪ δ and
1≪ y+. The above argument is still valid if we require y/δ≪ 1 (and
give up 1≪ y+), in which case the viscous term cannot be neglected,
and Eq. (3) becomes

− ⟨u′v′⟩ + ν
dU
dy
≈ τw = u2

τ . (5)

Again, the outer length scale is irrelevant, and U is a universal func-
tion of y, ν, and uτ . The above discussion is very standard and can be
found in, e.g., Ref. 35.

For flow with system rotation, the Coriolis term is

lim
y→0

[−εijkΩj] ∫ y
0 Ukdy

y
= lim

y→0
[−εijkΩj]Uk = 0, (6)

i.e., a high order term. In Eq. (6), we have invoked L’Hospital’s rule36

for the first equality and the no-slip condition at the wall for the sec-
ond equality and assumed εijkΩ+

j = O(1). It follows directly from
Eq. (6) that the constant stress layer survives in a flow with small
system rotation, and more importantly, at y/δ≪ 1, 1≪ y+, the mean
velocity U is a universal function of y, uτ , ν, Ωx ,y ,z . We can get four
non-dimensional numbers from y, uτ , ν, Ωx ,y ,z (6 variables and 2
dimensions), i.e., y+ and Ω+

x,y,z , and therefore, the PI theorem dictates

U+ = f (y+, Ω+
x,y,z), (7)

where the superscript + denotes normalization by the local wall
units. In Eq. (7), the non-dimensional number Ω+

x,y,z is a combina-
tion of the rotation number and the Reynolds number,

Ω+
x,y,z =

hΩx,y,z

uτ
ν
uτh
= Roτ,x,y,z

2Reτ
. (8)

Similar to flow in a non-rotating channel, if we require y ≪ δ (and
give up 1≪ y+), Eq. (7) is valid in both the constant stress layer and
the viscous layer. A direct result of the above discussion is that one
can use data at a low Reynolds number to infer mean flow’s behavior
at a high Reynolds number as long as Roτ ,x ,y ,z/Reτ are the same. This
effectively reduces the dimension of the parameter space from four,
i.e., Reτ , Roτ ,x ,y ,z to three, i.e., Ω+

x,y,z .

B. A few considerations
First, we remark on the mean flow three dimensionality. By

neglecting the Coriolis term and the pressure gradient term in the
constant stress layer, the Reynolds-averaged Navier–Stokes equation
reduces to

− ⟨u′iv′⟩ + ν
dUi

dy
≈ τw,i, (9)
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where i = 1, 3. It follows from the above equation that mean flow
three dimensionality, which is an important flow feature outside the
constant stress layer, is not an issue in and below the constant stress
layer. Hence, if one wants an equilibrium-type of wall model, wall
modeling for boundary-layer flows with small system rotation does
not need to account for mean flow three dimensionality [as long as
the large-eddy simulation (LES)/wall-modeling matching location is
within the constant stress layer, and one defines the local coordinate
to align the x axis with the local flow].

Second, we define “small” system rotation. It follows from
Eq. (6) that “small” system rotation requires a Coriolis term
< pressure gradient term, i.e.,

εijkΩj ∫
y

0
Ukdy <

1
ρ
∂P
∂xi

y. (10)

A sufficient condition of the above inequality is

εijkΩjUk <
1
ρ
∂P
∂xi

. (11)

Requiring the above inequality to hold in the constant stress layer is
to require ∣Ω ×U∣ < u2

τ/h. In practice, the following range of rota-
tion speed seems to be sufficiently small for a flow at Reτ = 180: −1
≤ Roτ ,x ,g ≤ 1, −0.01 ≤ Roτ ,y ,g ≤ 0.01, −1 ≤ Roτ ,z ,g ≤ 1.

III. PARAMETER SPACE SURVEY
A. Details of the Gaussian process regression
and the acquisition function

GPR predicts a mean and a variance at an unsampled location
in the parameter space. The mean is the estimate of the objective
function at that unsampled location, and the variance measures the
uncertainty of GPR’s estimate. Specifically, given input/output data
pairs (x1, z1) (x2, z2), . . ., (xn, zn), the mean, and the variance at an
unsampled location x∗ are30

M(x∗) = k(x∗,X)(k(X,X) + σ2I)−1
z, (12)

Σ(x∗) = k(x∗, x∗) + σ2I − k(x∗,X)(k(X,X) + σ2I)−1
k(X, x∗),

(13)

whereM is the mean,Σ is the variance,X = (x1, x2, . . ., xn), z = (z1, z2,
. . ., zn), k(x1, x2) is the covariance matrix, I is the identity matrix, and
σ is a measure of data uncertainty. For the present study, we use the
Matern 5/2 kernel.30 The parameters in the kernel are determined
according to maximum likelihood. For this specific application, the
objective function is z = U+ − [1/κ log(y+) + B], where κ = 0.41 is
the von Karman constant, B = 5.2 is the additive constant, and the
input is x = (y+, 2Ω+

x , 2Ω+
y , 2Ω+

z ).
To know where to sample next, one must define an “acquisi-

tion function,” α(x), the maximum of which gives the next sampling
location. Here, we define the acquisition function as follows:

α = ∫
y+=60

y+=10
Σ∣dM∣, (14)

which measures the uncertainty of the mean M. The integration lim-
its are at y+ = 10 and y+ = 60, precluding the viscous layer and the

non-universal outer layer. The integration variable is dM = dM/dy
dy instead of dy to give more weight to regions where M changes
rapidly. The acquisition function α is only a function of Ω+. In the
case of parallel sampling, the maximum of the acquisition function α
gives the first sampling location, i.e., x̄1, and the maximum of the fol-
lowing penalized acquisition function α2 gives the second sampling
location,

α2 = αϕ, ϕ = 1 − kn(x̄1, x̄), (15)

where ϕ is the penalizer and kn is the normalized Matern 5/2 kernel.
Repeating this process n times yields to n + 1 sampling points. For
the present study, we limit the number of parallel sampling to 4.

B. Details of the direct numerical simulations
We solve the incompressible Navier–Stokes equation in a rect-

angular domain, as sketched in Fig. 3,

∂ui
∂t

+ uj
∂ui
∂xj
= −1

ρ
∂p
∂xi

+ ν
∂2ui
∂xj∂xj

− εijk2Ωjuk, (16)

∂ui
∂xi
= 0, (17)

where i = 1, 2, 3 are the streamwise, wall-normal, and spanwise
directions, ui is the instantaneous velocity along the ith coordinate,
ρ ≡ 1 is the density (which will be dropped hereon for brevity), and
εijk is the Levi-Civita symbol. Our code uses a spectral method in
all three Cartesian directions with explicit time stepping. Further
details of the code can be found in Ref. 10. The size of the com-
putational domain is Lx × Ly × Lz = 4π × 2 × 2π, which is four
times the size of a minimum channel.4 Although strong system rota-
tion, e.g., strong streamwise rotation, leads to elongated streamwise
rollers that require a much larger computational domain,12 weak
system rotation, as considered in this work, does not give rise to such
structures; see Fig. 4.

The grid size isNx ×Ny ×Nz = 192× 120× 180. The resolutions
are Δx+ ≈ 12 in the streamwise direction, Δz+ ≈ 6 in the spanwise
direction, and Δy+ ≈ 5 at the channel centerline, which is comparable
to (if not finer than) the resolution of previous studies.1,9 The flow
is driven by a constant pressure gradient in the streamwise direc-
tion, and we apply a no-slip boundary condition on both walls. All
calculations are initialized with a random velocity field. Flow statis-
tics are averages for about 40 flow throughs after the flow reaches
a statistically stationary state, where one flow through is Lx/ub.

FIG. 3. A sketch of the computational domain. Here, the half channel height h ≡ 1
and will be dropped hereon for brevity.
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FIG. 4. The instantaneous streamwise velocity at a constant x location in (a) a non-rotating channel and (b) a rotating channel with Roτ ,x ,g = 1.0, Roτ ,y ,g = 0.01, Roτ ,z ,g

= 1.0, and the instantaneous streamwise velocity at a constant y location in (c) a non-rotating channel and [(d) and (e)] a rotating channel with Roτ ,x ,g = 1.0, Roτ ,y ,g = 0.01,
Roτ ,z ,g = 1.0. (d) and (e) are at a distance 0.05h from the two wall. (d) is near the bottom wall, and (e) is near the top wall. Spanwise rotation leads to a pressure side and a
suction side, where the turbulence is augmented near the pressure side, i.e., in (d), and suppressed near the suction side, i.e., in (e).

Figure 5 shows a sample time history of the flow rate for 300 flow
throughs in one of our DNSs.

DNSs resolve all turbulent scales, and therefore, statistical con-
vergence is the main source of uncertainty. In order to estimate the
uncertainty due to the lack of statistical convergence, we repeat the
same DNS (but with different random initial conditions) nine times
(at the flow condition Roτ ,x ,g = 1, Roτ ,y ,g = 0.01, Roτ ,z ,g = 1). Figure 6
shows the resulting nine profiles. We measure the data uncertainty
according to

σ = 1
60 − 10 ∫

y+=60

y+=10
STD(U+(y))dy+ ≈ 0.15, (18)

leading to an uncertainty of about 0.15uτ . Here, STD(⋅) is the
standard deviation of the quantity in the parentheses.

C. Details of the parameter space surveys
We carry out four independent parameter space surveys.

Table I summarizes the details of the four surveys. We refer to these
four surveys as S1, S2, S3, and S4. 146 DNSs are conducted. S1,
S2, and S3 differ in terms of Np and the number of parallel sam-
pling. S3 and S4 differ in terms of the initial dataset size N0. We
use two initial datasets: one contains eight datasets at the eight cor-
ners of the parameter space and the other contains 27 data points

FIG. 5. A sample time history of the instantaneous flow rate over 300 flow throughs.

at x̄ = (0 + 1 i, 0 + 0.01 j, 0 + 1 k) with i, j, k = −1, 0, and 1. Under
rotation, even small, the flow in general becomes asymmetric about
the channel center plane. Hence, each DNS will lead to two sampling
points in the parameter space of Roτ ,x/y/z ,g .

The objective functions are U+ =
√
U2

1 + U2
3 . The target param-

eter space is −1/180 ≤ Roτ ,x/Reτ ≤ 1/180, −0.01/180 ≤ Roτ ,y/Reτ
≤ 0.01/180, and −1/180 ≤ Roτ ,z/Reτ ≤ 1/180 (in addition to 10 < y+

< 60). Because the flow is not symmetric with respect to the channel
center plane, the target parameter space does not exactly correspond
to−1 < Roτ ,x ,g < 1,−0.01 < Roτ ,y ,g < 0.01,−1 < Roτ ,z ,g < 1. We can get
a rough idea of mean flow’s variation in the parameter space by plot-
ting U+ at the eight corners of the parameter space. Figure 7 shows
the eight velocity profiles. We see that mean flow’s response to sys-
tem rotation is non-negligible and non-trivial, justifying a parameter
space survey.

FIG. 6. Nine profiles obtained by repeating the same DNS nine times at the same
flow condition Roτ ,x ,g = 1, Roτ ,y ,g = 0.01, Roτ ,z ,g = 1 but with different random
initialization.
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TABLE I. Details of the four parameter space surveys. N0 is the size of the initial
dataset. Np is the number of parallel sampling points. Ng is the number of genera-
tions. Nt is the total number of DNSs in the survey. 146 DNSs are conducted: 1 per
generation × 18 generations +2 × 12 + 4 × 9 + 4 × 9 + 27 + (9 − 1) − 3, where
27 is the initial dataset size. 9 − 1 DNSs are conducted to estimate the uncertainty
due to statistical convergence, and −3 is because S1’s and S2’s first generation is a
subset of S3’s first generation.

N0 Np Ng Nt

S1 27 1 18 45
S2 27 2 12 51
S3 27 4 9 63
S4 8 4 9 44

Before we proceed to the results, we comment on the relation-
ship between data and our interpretation of the data. Data in itself is
independent from our interpretation. For example, given a param-
eter space, an accurate surrogate of z(x) will be an equally accurate
surrogate of z′(x′), irrespective of the physical considerations behind
the choice of x and x′. Here, z′ = f 1(z), x′ = f 2(x). A physically
inspired objective function answers questions that are not directly
registered near the dataset, whereas an arbitrary defined objective
function cannot generalize. For this study, we define the objective
function as U+ = U/uτ because the analysis in Sec. II suggests that
U+ is universal.

D. Results
Each survey leads to a set of data points in the parameter

space and a Bayesian surrogate of U+ as a function of y+, Ω+
x , Ω+

y ,
and Ω+

z . Figure 8 shows the query points projected on the Roτ ,x ,g-
Roτ ,y ,g plane, the Roτ ,x ,g-Roτ ,z ,g plane, and the Roτ ,y ,g-Roτ ,z ,g plane.
The query points that belong to the same “generation” are sepa-
rated owing to the use of a penalizer. Overall, the data appear to

FIG. 7. Mean velocity profiles at the eight corners of the target parameter space
(thin black lines) and in a non-rotating channel (red line). The purpose of this figure
is to show the range of mean flow’s variation in the target parameter space, and
therefore, the correspondence between each black line and the flow condition (in
terms of system rotation) is not important.

be “randomly” scattered in the parameter space, and the searching
path does not seem to reveal any inner structure of the parameter
space.

Figure 9 compares the Bayesian surrogate (before sampling)
and the DNS at the sampling location, i.e., at SM-gN.n, for M = 1,
2, 3; N = 2, 4, 6; and n = 1. Here, SM-gN.n is the sampling point of
survey SM, generation N, and query point n. Per our definition of the
acquisition function, the sampling location is where the GPR is the
least reliable. Hence, the figure, to some extent, measures the con-
vergence of the survey at SM-gN.n. We make the following obser-
vations. Given a SM, the surrogate converges to DNS as a function
of gN, as can be seen by comparing (a), (b), and (c); (d), (e), and
(f); (g), (h), and (i); and (j), (k), and (l). Given a gN and an initial
dataset, the estimate is more accurate if we do more parallel sam-
pling, as can be seen by comparing (a), (d), and (g); (b), (e), and (h);
and (c), (f), and (i). Given a gN and the number of parallel sampling,
a larger initial dataset leads to a more accurate estimate, as can be
seen by comparing (g) and (j), (h) and (k), and (i) and (l). Figure 10
compares the Bayesian surrogate (before sampling) and the DNS at
the sampling location SM-gN⋅n such that there is the same number
of sampled points in the parameter space. For example, for S1-g5.1,
there are 27 + 4 × 1 = 31 sampled points within the parameter space;
for S2-g3.1, there are 27 + 2 × 2 = 31 sampled points in the parame-
ter space; and for S4-g6.4, there are 8 + 5 × 4 + 3 = 31 sampled points
in the parameter space (3 are due to parallel sampling). We make the
following observations. Given the number of sampled points and an
initial dataset, the estimate is less reliable if one does more parallel
sampling, as can be seen by comparing (a), (d), and (g); (b), (e), and
(h); and (c), (f), and (i). Given the number of sampled points and
the parallel sampling strategy, the estimate is more reliable if the ini-
tial dataset is smaller, as can be seen by comparing (g) and (j), and
(h) and (k). These results provide best practices for Bayesian-based
parameter space surveys. The general conclusion is that sampling,
according to a Bayesian approach, leads to more efficient use of
resources.

Next, we examine the convergence of the four surveys. Know-
ing the exact solution of U+ in the parameter space is difficult. How-
ever, a good estimation of the exact solution, Mall, could be obtained
by building a surrogate using all of our 146 DNSs. The convergence
of a specific survey could be measured according to

err = [ 1
Δy+ ∫

y+=60

y+=10
∣M(y+, x̄∗) −Mall(y+, x̄∗)∣2dy+]

1/2
, (19)

where Δy+ = 60 − 10 = 50 and x̄∗ is where the estimated uncertainty
Σ takes the maximum. Figures 11(a) and 11(b) show err as a function
of generation and dataset size for S1, S2, S3, and S4. Surveys S1, S2,
and S3 have the same initial dataset and therefore the same initial
err. S4 has a smaller initial dataset and therefore a larger initial err.
All surveys converge quickly: within a few generations, err is about
0.1, which is comparable to the uncertainty of the DNS data (which
is 0.15). (Obviously, the surrogate can be considered as converged
when its error is smaller than the uncertainty in DNS.)

The accuracy of a particular surrogate model, e.g., S3, could
also be directly examined by comparing its predictions to DNSs.
Figure 12 compares S3 surrogate’s predictions at eight locations
where DNS data are available and the uncertainties are the largest.
As shown in Fig. 12, the Bayesian surrogate follows the DNS very
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FIG. 8. The query points projected on [(a), (d), (g), and (j)] the Roτ ,y ,g-Roτ ,x ,g plane, [(b), (e), (h), and (k)] the Roτ ,z ,g-Roτ ,x ,g plane, and [(c), (f), (i), and (l)] the Roτ ,z ,g-Roτ ,y ,g

plane. [(a), (b), and (c)] S1. [(d), (e), and (f)] S2. [(g), (h), and (i)] S3. [(j), (k), and (l)] S4. Computing one channel subjected to system rotation of Roτ ,x ,g, Roτ ,y ,g, Roτ ,z ,g

adds two data points to the parameter space: the flow near the bottom wall represents a data point at Roτ ,x ,g, Roτ ,y ,g, Roτ ,z ,g, and the flow near the top wall represents a
data point at Roτ ,x ,g, -Roτ ,y ,g, -Roτ ,z ,g. Here, we plot only query points in the left two quadrants. Cross symbols represent the initial dataset. Generations are color coded.
For S1, we query one point every time. This allows us to visualize a querying path, as shown in (a), (b), and (c).

closely. The results of S1, S2, and S4 are similar and are not shown
here for brevity.

E. Further analytical analysis
In this subsection, we estimate the behavior of U+ analyti-

cally. The objective is to compare the data-based approach and the

analytical approach. We follow the same steps that give rise to
the logarithmic law of the wall. That is, we first arrive at a
physically sound form and then determine the unknowns from
data. In the case of the logarithmic law of the wall, the constant
stress layer assumption and the mixing length model give rise to
the logarithmic form, where the unknown coefficients, i.e., the
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FIG. 9. A comparison of the GPR estimate (before sampling) and the DNS for [(a), (b), and (c)] S1, [(d), (e), (f)] S2, [(g), (h), and (i)] S3, [(j), (k), and (l)] S4. [(a), (d), (g), and
(j)] Generation 2. [(b), (e), (h), and (k)] Generation 4. [(c), (f), (i), and (l)] Generation 6. The bold lines are DNS, and the thin lines are GPR.

von Karman constant κ and the addend B, are determined from
data.

Firs, in order to get a physically sound form, we apply the
Taylor expansion to Eq. (7) at Ω+

x,y,z = 0. This gives

U+ = L(y+) + F + S + H, (20)

where L(y+) is the conventional law of the wall containing the vis-
cous sublayer, the buffer layer, and the logarithmic layer; F contains
the first-order terms,

F = f1Ω+
x + f2Ω+

y + f3Ω+
z ; (21)

S contains the second order terms,

S = s1Ω+2
x + s2Ω+2

y + s3Ω+2
z + s4Ω+

xΩ+
y + s5Ω+

y Ω+
z + s6Ω+

xΩ+
z ; (22)

and H contains the higher order terms. Here, f 1, f 2, f 3, s1, s2, s3, s4,
s5, s6 are functions of y+. f 1 and f 2 can be determined from sym-
metric considerations. First, because U+(y+, Ω+

x , Ω+
y = 0, Ω+

z = 0)
= U+(y+,−Ω+

x , Ω+
y = 0, Ω+

z = 0), we conclude that f 1 = 0. Second,
because U+(y+, Ω+

x = 0, Ω+
y , Ω+

z = 0) = U+(y+, Ω+
x = 0,−Ω+

y , Ω+
z = 0),

we conclude that f 2 = 0. Keeping the leading order terms, we have

U+ = L(y+) + f3Ω+
z + s1Ω+2

x + s2Ω+2
y + s4Ω+

xΩ+
y , (23)

where, again, f 3, s1, s2, and s4 are functions of y+ and can be obtained
from data,

f3(y+) =
U+(y+, Ω+

x = 0, Ω+
y = 0, Ω+

z ) − L(y+)
Ω+

z
,

s1(y+) =
U+(y+, Ω+

x , Ω+
y = 0, Ω+

z = 0) − L(y+)
Ω+2

x
,

s2(y+) =
U+(y+, Ω+

x = 0, Ω+
y , Ω+

z = 0) − L(y+)
Ω+2

y
,

s4(y+) =
U+(y+, Ω+

x , Ω+
y , Ω+

z = 0) − L(y+) − s1(y+)Ω+2
x − s2(y+)Ω+2

y

Ω+
xΩ+

y
.

(24)

Measuring f 3 in a DNS with Roτ ,z ,g = 1, measuring s1 in a DNS with
Roτ ,x ,g = 1, measuring s2 in a DNS with Roτ ,y ,g = 0.01, and measuring
s4 in a DNS with Roτ ,x ,g = 1, Roτ ,y ,g = 0.01, we plot the f 3, s1, s2, and
s4 in Fig. 13.

Compared to a parameter space survey, the advantage of an
analytical approach is that it requires fewer samples/calculations. For
example, Eq. (23) contains four unknowns, which are fully deter-
mined by four calculations. Nonetheless, we could also make use of
all 146 DNSs to fit for f 3, s1, s2, and s4. In that case, the objective is
to find f 3(y+), s1(y+), s2(y+), and s4(y+) such that f3Ωz + s1Ω2

x + s2Ω2
y
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FIG. 10. A comparison of the GPR estimate (before sampling) and the DNS for [(a), (b), and (c)] S1, [(d), (e), and (f)] S2, [(g), (h), and (i)] S3, and [(j) and (k)] S4. The bold
lines are DNS data, and the thin lines are GPR estimates.

+ s4ΩxΩy is as close to U+ − L(y+) as possible. In another word, the
objective is to find f 3, s1, s2, and s4 such that

min
f3 ,s1 ,s2 ,s4

(U+ − L+ − f3Ω+
z − s1Ω+2

x − s2Ω+2
y − s4Ω+

xΩ+
y )

2
(25)

for all possible Ωx, Ωy, and Ωz in the parameter space. This is a linear
regression problem. Figure 14 shows the results. Now, if Eq. (23) is
the truth, f 3, s1, s2, and s4 obtained according to Eqs. (24) and (25)
should be the same. However, comparing Figs. 13 and 14, we see that

Eqs. (24) and (25) lead to different f 3, s1, s2, and s4. As such, we can
already conclude that Eq. (23) is not a good approximation of the
mean flow in the surveyed parameter space.

In Fig. 15, we compare the S3 surrogate and Eq. (23) at two
x̄ locations. The Gaussian regression surrogate agrees with DNS at
both conditions. The analytical model [Eq. (23)] with f 3, s1, s2, and
s4 obtained according to Eq. (24) captures the trend; Eq. (23) with f 3,
s1, s2, and s4 obtained according to (25) is comparably more accurate.
While one may argue that more involved math9 could potentially

FIG. 11. (a) err as a function of generation. (b) err as a function of dataset size. The spent resource is measured by the dataset size.
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FIG. 12. Predictions of the S3 surrogate at locations in the parameter space where DNS data are available and the uncertainty of the surrogate is the largest. DNS of flow at
these conditions belong to S1, S2, and S4, not S3, and therefore, labeling these cases as in Fig. 10 would not be very informative.

lead to more accurate analytical estimates of U+(y+, Ω+
x,y,z), the same

thing could be said about GPR: non-linear Bayesian method and
more advanced sampling strategy37 could also give more accurate
estimates. In all, the results suggest that the data-based method is
more accurate than the analytical method.

IV. UPSCALE

In Sec. II, we conclude that the mean flow in the constant
stress layer is a universal function of y+, Ω+

x,y,z . Taking a data-based
approach, in Sec. III, we determine U+ as a function of Ω+

x,y,z for

FIG. 13. (a) f 3, (b) s1, (c) s2, and (d) s4
obtained according to Eq. (24). Normal-
ization is by the local wall units.
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FIG. 14. (a) f 3, (b) s1, (c) s2, and (d) s4
obtained according to Eq. (25). Normal-
ization is by the local wall units.

y+ < 60. However, real-world applications that involve system rota-
tion are at very high Reynolds numbers,38–41 and the knowledge of
the flow for y+ < 60 is not going to be very useful. In this subsec-
tion, we discuss how one may determine the mean flow for y+ > 60
without resorting to DNS.

For illustration purposes, consider channel flow with no sys-
tem rotation. Say, we know that U+ is a universal function of y+

but not the functional dependence. Let us also suppose that we now
have knowledge of U+(y+) for y+ < 60. To determine U+(y+) for
y+ > 60 without resorting to DNS, we resort to wall-modeled large-
eddy simulation (WMLES). Specifically, we can conduct a WMLES
at the Reynolds number Reτ = 1920, for which we will use 64 grid

points in the wall-normal direction. The first off-wall grid point of
the WMLES will be at y+ = 1920/(64/2) = 60, where we know U(y+).
The constant stress layer extends to about y/δ = 0.2, and therefore,
the Reτ = 1920 WMLES gives knowledge of the mean flow up to y+

= 384. Repeating this process two times will giveU+(y+) for y+ < 2500
and four times will give U+(y+) for y+ < 105. For channel flow with-
out system rotation, this process will trivially lead to the logarithmic
law of the wall. By applying the same procedure to a rotating chan-
nel, we will be able to gain knowledge of U+(y+) for y+ of practical
relevance.

To verify this approach, we conduct WMLES at the condi-
tion Reτ ,g = 976, Roτ ,g = 3.1. DNS data of flow at this condition

FIG. 15. U+(y+) for (a) Ω+
x = −0.0043,

Ω+
y = −4.31×10−5, Ω+

z = −0.0043 and
(b) Ω+

x = −0.0040, Ω+
y = 4.03 × 10−5,

Ω+
z = 0.0016. We plot DNS, Bayesian

surrogate, Eq. (23), and the conventional
law of the wall L(y+).
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FIG. 16. WMLES results where the Bayesian surrogate is used as a wall model.
The flow is at the condition Reτ ,g = 976, Roτ ,g = 3.1. Here, GPR is “Gaussian
process regression.” DNS is from Ref. 11.

are available in Ref. 11. We use the in-house pseudo-spectral code
LESGO for our WMLES. Details of the code could be found in
Refs. 42 and 43 and the references cited therein. We use 32 grid
points in the wall normal direction. The LES/wall model match-
ing location is at h+

wm = 55, i.e., 10 < h+
wm < 60. Figure 16

shows the results. We make a few observations. First, GPR obtained
from Reτ ,g = 180 agrees well with the DNS at Reτ ,g = 976, pro-
viding further support to mean flow universality. Second, WMLES
agrees well with the DNS within the constant stress layer, i.e.,
60 < y+, y/δ < 0.2, providing support to the proposed upscaling
approach.

To further demonstrate this approach, we carry out WMLES of
channel flow at Reτ = 3000 for Ω+

x = 3.33 × 10−4, Ω+
y = 3.33 × 10−6,

Ω+
z = 3.33 × 10−4. (Note that the relevant parameters are Ω+

x,y,z ,
not Roτ .) The first off-wall grid point is at h+

wm = 47 (10 < h+
wm

< 60). Figure 17 shows the results. With this WMLES, we now
have knowledge of U+(y+, Ω+

x = 3.33 × 10−4, Ω+
y = 3.33 × 10−6, Ω+

z

= 3.33 × 10−4) for y+ ≲ 0.2 × 3000 = 600. Surveying the entire
three-dimensional parameter space of Ω+

x,y,z with WMLES gives the

FIG. 17. WMLES results where the Bayesian surrogate is used as a wall
model.

U+ behavior for y+ > 60, and the results are not shown here for
brevity.

V. CONCLUSIONS
This work presents a framework for surrogate modeling in

a high-dimensional flow controlling parameter space and at high
Reynolds numbers, when an analytical approach is too difficult and
sampling of the parameter space is possible at only a few conditions
and at low Reynolds numbers. We establish the mean flow scaling in
a channel subjected to small but arbitrarily directional system rota-
tion. We show, for the first time, the existence of a constant stress
layer in wall-bounded flows with small system rotation. Accord-
ing to our dimensional analysis, the Reynolds-averaged momentum
equation in the horizontal directions reduces to Eq. (9) for y≪ δ. We
draw two conclusions from Eq. (9). First, mean flow three dimen-
sionality is not an important issue in the constant stress layer—in
fact, given strong mean flow three dimensionality, the momentum
flux at the top of the constant stress layer and wall-shear stress would
be in two very different directions, and there would not be a constant
stress layer to begin with. As a result, if one needs an equilibrium-
type wall model for flow with small system rotation, he/she can
follow the conventional approach and model for the velocity mag-
nitude. Second, mean flow, when normalized using the local friction
velocity, is a universal function of y+ and Ω+

x,y,z . We then deter-
mine mean flow’s behavior as a function of y+, Ω+

x , Ω+
y , and Ω+

z by
sampling the parameter space of Ω+ following a Bayesian approach.
The Bayesian surrogate converges to the truth very quickly within
O(10) iterations. In comparison, if one evenly samples the three-
dimensional parameter, 10 points in each dimension would already
require 103 calculations. The resulting Bayesian surrogate describes
the behavior of U+(y+, Ω+

x , Ω+
y , Ω+

z ) for −5.5 × 10−3 < 2Ω+
x < 5.5

×10−3, −5.5×10−5 < 2Ω+
y < 5.5×10−5, −5.5×10−3 < 2Ω+

z < 5.5×10−3

and for y+ < 60 (for small y+). Here, the relevant parameter is Ω+

not Roτ according to our dimensional analysis. Finally, we upscale
to high Reynolds numbers by coupling WMLES and DNS. Here,
a half channel is used for our WMLES. Employing a half chan-
nel is a common practice for geophysical flow calculations where
Earth’s rotation is an important consideration.44 The end result is
the knowledge of the mean flow in a rotating channel with small
system rotation in any arbitrary direction. It is worth noting that
although the same framework can be used to determine mean flow’s
behavior at high rotational speeds, the resulting scaling would not
be universal because mean flow universality breaks at high rotational
speeds.
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APPENDIX: THE SAMPLED LOCATIONS
In this appendix, we tabulate all the sampled locations in the

parameter space (Tables II–V).
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TABLE II. A list of query points in S1.

Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,y ,g × 100 Roτ ,z ,g× 1 Roτ ,z ,g× 1

1 −0.48 −0.46 −0.58 7 0.02 0.58 −0.58 13 0.12 −0.41 −0.28
2 0.49 0.48 −0.58 8 −0.58 −0.01 −0.58 14 0.36 0.16 −0.32
3 −0.44 0.44 −0.58 9 −0.57 −0.57 −0.12 15 −0.42 0.89 −0.39
4 0.45 0.44 −0.58 10 0.58 0.02 −0.58 16 0.68 −0.37 −0.30
5 0.02 0.01 −0.58 11 0.56 0.60 −0.12 17 −0.10 0.47 −0.28
6 −0.02 −0.58 −0.58 12 −0.42 0.03 −0.30 18 −0.69 0.45 0.30

TABLE III. A list of query points in S2.

Gen Roτ ,x ,g × 1 Roτ ,y ,g× 100 Roτ ,z ,g × 1 Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,y ,g × 100 Roτ ,z ,g × 1 Roτ ,z ,g × 1

1a −0.48 −0.46 −0.58 5a −0.58 −0.01 −0.58 9a −0.07 0.3 −0.35
1b 0.53 0.51 −0.58 5b 0.58 0.02 −0.58 9b 0.86 0.86 0.36
2a −0.43 0.44 −0.58 6a 0.54 0.58 −0.15 10a −0.24 −0.67 −0.32
2b 0.50 −0.47 −0.58 6b 0.38 −0.54 −0.18 10b −0.60 0.60 −0.45
3a 0.11 0.04 −0.58 7a −0.31 −0.17 −0.36 11a 0.67 −0.32 −0.30
3b −0.62 −0.63 −0.08 7b −0.27 0.68 −0.30 11b −0.89 0.40 0.45
4a 0.00 −0.58 −0.58 8a 0.41 0.06 −0.28 12a 0.12 −0.27 −0.45
4b 0.05 0.58 −0.58 8b −0.67 0.32 −0.31 12b 0.52 0.98 0.98

TABLE IV. A list of query points in S3.

Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,y ,g × 100 Roτ ,z ,g × 1 Roτ ,z ,g × 1

1a −0.48 −0.46 −0.58 4a −0.19 −0.03 −0.58 7a −0.33 −0.36 −0.58
1b 0.53 0.51 −0.58 4b 0.64 0.05 −0.47 7b 0.43 0.06 −0.20
1c −0.58 0.58 −0.58 4c −0.86 −0.86 0.39 7c −0.53 −1.00 1.00
1d 0.58 −0.58 −0.58 4d 0.36 −0.69 −0.32 7d −0.67 0.37 −0.31
2a 0.03 −0.56 −0.56 5a −0.46 0.01 −0.26 8a 0.30 −0.32 −0.58
2b −0.58 −0.08 −0.58 5b 0.67 −0.34 −0.27 8b −0.65 −0.34 −0.35
2c 0.49 −0.56 0.19 5c −0.41 −0.7 −0.48 8c 0.27 0.60 −0.46
2d −0.03 0.58 −0.58 5d 0.55 0.01 1.03 8d 0.44 −0.98 0.75
3a 0.24 −0.01 −0.58 6a 0.06 0.34 −0.35 9a −0.32 0.29 −0.58
3b −0.56 −0.56 −0.02 6b −0.10 −0.47 −0.26 9b 0.58 −0.22 −0.58
3c −0.47 0.60 −0.11 6c −1.00 −0.53 1.00 9c 0.98 0.51 0.98
3d 0.82 0.82 0.31 6d 0.84 −0.84 0.40 9d −0.98 0.51 0.98

TABLE V. A list of query points in S4.

Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,x ,g × 1 Roτ ,y ,g × 100 Roτ ,z ,g × 1 Gen Roτ ,y ,g × 100 Roτ ,z ,g × 1 Roτ ,z ,g × 1

1a 0.01 0.02 −0.57 4a 0.08 0.58 −0.58 7a 0.32 0.27 −0.35
1b 0.00 0.00 1.00 4b −0.02 −0.58 −0.58 7b −0.66 0.43 −0.03
1c −0.58 −0.58 −0.58 4c −0.98 −0.03 0.98 7c −0.33 −0.25 −0.58
1d 0.67 0.67 −0.29 4d 0.74 0.01 −0.09 7d −0.48 −0.98 0.98
2a −0.59 0.59 −0.49 5a 0.06 −0.29 −0.21 8a −0.27 0.58 −0.58
2b 0.58 −0.58 −0.58 5b 0.20 0.74 −0.07 8b 0.27 −0.65 −0.37
2c −0.49 −0.85 0.03 5c −0.58 0.08 −0.58 8c 0.98 −0.46 0.98
2d −0.98 0.06 0.98 5d 0.71 −0.71 −0.19 8d −0.85 0.85 0.35
3a −0.68 −0.05 −0.25 6a −0.25 0.31 −0.33 9a 0.65 −0.29 −0.36
3b 0.58 1.00 −0.58 6b 0.58 0.58 −0.58 9b −0.98 −0.52 0.98
3c 0.05 −0.98 0.98 6c −0.42 −0.52 −0.36 9c 0.51 0.98 0.98
3d −0.00 0.98 0.98 6d 0.38 −0.25 −0.58 9d −0.60 −0.29 −0.51
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DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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